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Physical Interpretation of Cylindrically Symmetric Static Gravitational Fields
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The explicit relationship is determined between the interior properties of a static cylindrical matter
distribution and the metric of the exterior space-time according to Einstein gravity for space-time
dimensionality larger or equal to four. This is achieved through use of a coordinate system isotropic
in the transverse coordinates. As a corollary, similar results are obtained for a spherical matter
distribution in Brans-Dicke gravity for dimensions larger than or equal to three. The approach
used here leads to consistency conditions for those parameters characterizing the exterior metric.
It is shown that these conditions are equivalent to the requirement of hydrostatic equilibrium of
the matter distribution (generalized Oppenheimer-Volkoff equations). These conditions lead to a
consistent Newtonian limit where pressures and the gravitational constant go to zero at the same
rate.
PACS numbers: 04.20.Cv, 04.20.Jb, 04.40.-b, 04.50.+h
I. INTRODUCTION
Cylindrically symmetric space-times were first inves-
tigated in the framework of Einstein’s general relativity
by Levi-Civita [1] and Weyl [2] in 1917-1919. Despite its
age, the issue is still of much interest and under active re-
search, especially since the introduction of cosmic strings
[3] by Kibble [4], Zel’dovich [5] and Vilenkin [6].
The spacetime which is generated around a static
cylindrically-symmetric source is descried by a line el-
ement of the form (̺ is a radial coordinate; plain r is
reserved for future use):
ds2 = N0(̺)dt
2 −N1(̺)d̺
2 −N2(̺)dφ
2 −N3(̺)dz
2.
(1.1)
The functional form of the metric components depends
on the choice of coordinate system (gauge). This freedom
is the relic of the original diffeomorphism symmetry. The
two most popular gauges in the literature [7] are:
1) Weyl - Levi-Civita gauge: N1(rˇ) = N3(rˇ) which gives
ds2 = (krˇ)2pdt2 − (krˇ)2p(p−1)(drˇ2 + dz2)
−γ2(krˇ)−2prˇ2dφ2, (1.2)
where p and γ are free parameters and k sets the length
scale. A variant of the Weyl - Levi-Civita gauge is the
Thorne gauge [8] which is defined by N1 = N0.
2) Kasner gauge N1(rˆ) = 1 which gives
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ds2 = (krˆ)2adt2 − (krˆ)2cdz2 − drˆ2
−γ2(krˆ)2(b−1)rˆ2dφ2, (1.3)
where a, b, c satisfy the Kasner conditions:
a+ b+ c = a2 + b2 + c2 = 1. (1.4)
k and γ are identical in both parametrizations only up
to a multiplicative constant. In what follows we will use
only those that appear in the Kasner metric.
It is obvious from the above forms of the line-element
that the general static cylindrically-symmetric vacuum
solution of Einstein equations is characterized by two free
parameters. A question of fundamental interest is then
the interpretation of these two parameters and the con-
nection between them and the internal properties of the
matter distribution.
A large amount of progress in this subject originated
from the intensive studies of cosmic strings, although the
first results were obtained earlier [9–11]. It is well-known
by now that the parameter γ describes a conic angular
deficit which is also related to the mass distribution of
the source [10,11]. Around a so called ”gauge string”
[3] (i.e. one with T 00 = T
3
3 as the only non-vanishing
components of the energy-momentum tensor), a simple
relation between the angular deficit δφ = 2π(1 − γ) and
the ”inertial mass” (per unit length) m˜, was found
δφ = 8πGm˜, (1.5)
first [6] in the linearized approximation assuming also an
infinitesimally thin source, and then [12,13] by solving
the full non-linear Einstein equations around a uniform
source (constant T 00 ) with a finite radius. The same rela-
tion was also derived [14] for a non-uniform source. Since
the space-time around a gauge string is locally flat (p = 0
in (1.2) or a = c = 0, b = 1 in (1.3)), this angular deficit
is the only geometrical evidence of its existence.
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Further study of the subject [15] involved a more real-
istic model (i.e. the abelian Higgs model) for the gauge
strings and the analysis of the full coupled field equations
for the gravitational field and matter (scalar + vector)
fields.
A major contribution to the understanding of the ”re-
lation between gravitational mass, angular deficit and in-
ternal structure” was supplied by Frolov, Israel and Un-
ruh [16] (FIU) who, without the use of any specific model
for the matter distribution, obtained several relations be-
tween the parameters in the Kasner metric and integrals
of the components of the energy-momentum tensor.
In the present work we take a model-independent ap-
proach. We consider an arbitrary smeared matter dis-
tribution with cylindrical symmetry and a finite radius
rb. We start by introducing a line element which is
isotropic in the transverse coordinates [18], i.e. we take
N2(r) = r
2N1(r) in (1.1). The line element is:
ds2 = eAdt2 − eBδijdx
idxj − eCdz2 (1.6)
where i, j label the transverse coordinates, and A, B and
C are functions of the radial coordinate r only.
This metric is similar to the one used by Vilenkin [6],
although more general. It has the advantage that the
Einstein equations can be integrated by quadrature, giv-
ing the functions A, B and C in terms of integrals of
the components of the energy-momentum tensor. These
functions are subject to a consistency condition in the
general cylindrically symmetric case, which is a mani-
festation of the hydrostatic equilibrium of the source.
The consistency condition is studied in the Newtonian
limit and it turns out that the pressures and the grav-
itational constant go to zero at the same rate with the
masses kept fixed. An exception is a gauge string, where
the consistency condition is trivially satisfied because the
string tension is equal to the mass density. Since it is
both straightforward and instructive to generalize the
discussion to higher dimensions, we analyze the case of
(D + 1)-Einstein gravity with D > 3. We furthermore
find analogous consistency conditions in spherically sym-
metric space-time in D-dimensional Brans-Dicke gravity,
with D ≥ 3. We finally use our results to show that
D = 3 Brans-Dicke gravity has a Newtonian limit (un-
like Einstein gravity). This last point may be regarded
as a generalization of an earlier study [19].
We also establish a connection between some of our
results and those of FIU [16], correcting on the way some
misprints which make their results difficult to use.
The outline of the paper is the following: In sec. II
we consider cylindrically symmetric solutions of the Ein-
stein equations for four-dimensional space-time (D = 3).
In sec. III we discuss the interpretation of these solutions,
focussing on cosmic strings and the Newtonian limit. In
sec. IV we generalise to Einstein gravity in D+1 dimen-
sions, D > 3, and in sec. V to Brans-Dicke gravity. Our
results are summarized in sec. VI.
II. CYLINDRICALLY SYMMETRIC SOLUTIONS
IN D = 3
With the line element (1.6), the components of the
Ricci tensor are in four space-time dimensions (D = 3):
R00 = −
1
2
e
A−C
2 −B
1
r
d
dr
(rA′e
A+C
2 ), (2.1)
Rzz =
1
2
e
C−A
2 −B
1
r
d
dr
(rC′e
A+C
2 ) (2.2)
Rij =
1
2
δije
−
A+C
2
1
r
d
dr
[(rB′ + 2)e
A+C
2 ]
+
xixj
2r2
[2e−
A+C
2
1
r
d
dr
(r
d
dr
(e
A+C
2 ))
− (B′ +
2
r
)(A′ + C′)−A′C′]. (2.3)
The source is described by the energy-momentum tensor
with the following components:
T00 = ρe
A
Tzz = pze
C
Tij = (pr
xixj
r2
+ p⊥δ
⊥
ij)e
B (2.4)
with δ⊥ij = δij −
xixj
r2 , and ρ, pz, pr and p⊥ are functions
of the radial coordinate r only.
It turns out to be convenient to use Einstein equations
in the form:
Rµν = −8πG(Tµν −
1
2
gµνT ) (2.5)
where G = G4 is the four-dimensional gravitational con-
stant and T is the contracted energy-momentum tensor:
T = ρ− pz − pr − p⊥
By insertion of Tµν and use of (2.1) and (2.2) one ob-
tains:
e−B−
A+C
2
1
r
d
dr
(rA′e
A+C
2 )
= 8πG(ρ+ pz + pr + p⊥) (2.6)
e−B−
A+C
2
1
r
d
dr
(rC′e
A+C
2 )
= −8πG(ρ+ pz − pr − p⊥). (2.7)
The Rφφ equation is obtained from (2.3)
e−B−
A+C
2
1
r
d
dr
[(rB′ + 2)e
A+C
2 ]
= −8πG(ρ+ p⊥ − pr − pz), (2.8)
and as a fourth equation we take the following combina-
tion:
2
(B′ +
2
r
)(A′ + C′) +A′C′ = 32πGeBpr. (2.9)
In vacuum the right-hand-sides of these equations van-
ish and the first three of them are trivially integrated.
In this way we may get a line element equivalent to
(1.2) and (1.3). The line element contains in the new
version also two free parameters. However, in order to
gain some insight as to the meaning of the parameters
and the relations between them, we need to take into
account, while solving the Einstein equations, the exis-
tence of the source. One way to do it is to solve Einstein
equations inside the source (r ≤ rb) and join the interior
solution with the exterior vacuum solution on the bound-
ary (r = rb) using the formalism of junction conditions
[20]. This strategy requires some assumptions concern-
ing the matter in the source (i.e. its energy-momentum
tensor). However, by the special choice we made here
for the coordinate system, the Ricci tensor components
have a form which is ready for integration irrespective of
the internal structure of the source, as seen from (2.6),
(2.7) and (2.8). We therefore exploit this fact and inte-
grate the field equations in a way that gives a physical
meaning to the parameters in the exterior metric.
For that purpose we define:
M(r) = 2π
∫ r
0
r′dr′e
A+2B+C
2 (ρ+ pr + p⊥ + pz), (2.10)
W (r) = −2π
∫ r
0
r′dr′e
A+2B+C
2 (ρ− pr + p⊥ − pz). (2.11)
X(r) = −2π
∫ r
0
r′dr′e
A+2B+C
2 (ρ− pr − p⊥ + pz), (2.12)
We integrate (2.6), (2.7) and (2.8) to obtain:
rA′e
A+C
2 = 4GM, (2.13)
(rB′ + 2)e
A+C
2 − 2 = 4GW (2.14)
rC′e
A+C
2 = 4GX (2.15)
that by insertion into (2.9) lead to the equation
(
1
2
+ GW )(M +X) + GMX = 2πr2pre
A+B+C . (2.16)
The physical origin of (2.16) is the requirement of hy-
drostatic equilibrium of the source which is necessary for
having a static solution. It is essentially a first integral of
the equation of energy-momentum conservation as we can
readily see by calculating the derivatives of both sides,
using the other three field equations and getting rid of as
many metric components as possible, using (2.13), (2.14)
and (2.15). We can then cast the conservation equation
into the form:
e
A+C
2
dpr
dr
+
pr − p⊥
r
= −
2G
r
(Mρ−Xpz + (M +W +X)pr −Wp⊥). (2.17)
This equation is the condition for hydrostatic equilibrium
with general-relativistic corrections. It may deserve the
name Oppenheimer-Volkoff equation (see e.g. MTW [24]
p. 605) for cylindrical symmetry.
Outside the source (at r ≥ rb) we can integrate (2.13),
(2.14) and (2.15) analytically, since M , W and X here
are constant. We find:
A(r) =
2M
M +X
ln (1 + 2G(M +X) ln
r
r0
), (2.18)
B(r) =
2W + 1
G
M +X
ln (1 + 2G(M +X) ln
r
r0
)− 2 ln
r
r0
, (2.19)
C(r) =
2X
M +X
ln (1 + 2G(M +X) ln
r
r0
), (2.20)
where r0 is an arbitrary length scale. Having determined
the functions A, B and C outside the source we have a
third form of the line element of a cylindrically symmetric
space-time which again depends on two parameters. The
angular deficit is not described in this coordinate system
by a parameter which multiplies the dφ term in the line
element (like γ in (1.3)). It is rather hidden now in W
as we will see shortly.
The logarithms have the argument
1 + 2G(M +X) ln
r
r0
.
Here we could get rid of the term 1 by a G-dependent re-
definition of the scale r0. This redefinition would, how-
ever, destroy the possibility of obtaining a Newtonian
limit.
Note thatM ,W andX are not independent for r > rb,
but obey according to (2.16) the consistency condition
(
1
2
+ GW )(M +X) + GMX = 0. (2.21)
The four equations (2.18), (2.19) (2.20) and (2.21),
summarize the relation between the exterior metric and
the matter distribution of the source, or stated some-
what differently, describe how much information about
the source can be inferred from the exterior geometry.
Since the exterior metric contains two independent pa-
rameters it is clear that a distant observer will have to
be satisfied with only two quantities in order to char-
acterize the source. One such quantity is the ”Tolman
mass” (per unit length) M . As the second parameter
we suggest the parameter X , which is the corresponding
quantity associated with the z-direction. Notice that the
right-hand sides of (2.18) and (2.20) go into each other
under the interchange of M and X . The left-hand sides
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A and C are both solutions of Poisson-like equations and
can be interpreted as two potential functions.
The connection to the Kasner metric (1.3) is given by
the transformation between the radial variables rˆ and r:
krˆ = (1 + 2G(M +X) ln
r
r0
)1+
2GW+1
2G(M+X) (2.22)
The constants a, b, c, γ and k in the Kasner metric (1.3)
are expressed by the new parameters:
a =
M
M +W +X + 1/(2G)
,
b =
W + 1/(2G)
M +W +X + 1/(2G)
,
c =
X
M +W +X + 1/(2G)
. (2.23)
γ = 1 + 2G(M +W +X). (2.24)
The parameters a, b and c obey the Kasner conditions
(1.4). One is obvious, while the other is a consequence
of (2.21).
This last issue, namely the connection between the
Kasner parameters and the matter distribution of the
source, has been considered already by FIU [16]. Their
results were obtained using a somewhat more geomet-
ric approach, based on an identity involving the extrinsic
curvature and the Ricci tensor. It is, however, difficult to
use their results due to some typographical errors in the
relevant equations, as well as the fact that they are not
given in an explicit form which clarifies the full depen-
dence of the Kasner parameters on the quantities M , W
andX . For the sake of completeness we give here the cor-
rect form of eqs. (17)-(19) of FIU using their notation.
• eq. (17). The right hand side should read 14k(c− b).
• eq. (18) should be:∫
∆z=1
(T ρρ + T
φ
φ − T
z
z + T
t
t )(−g)
1/2d3x =
1
2
kb
• eq. (19) should be:∫
∆z=1
(T ρρ + T
φ
φ )(−g)
1/2d3x =
1
4
k(1 − a)
Note the difference in notation: FIU use dimensionless
coordinates, the parameters a, b and c differ by a cyclic
permutation, and their k is our γ. It should be stressed
that FIU’s k has an implicit dependence on the integrals
of T νµ . This dependence can be unveiled by use of a third
independent relation for the Kasner parameter a which
is absent from FIU’s paper:∫
∆z=1
(T ρρ − T
φ
φ + T
z
z + T
t
t )(−g)
1/2d3x =
1
2
(ka− 1)
Adding this last equation with FIU’s (16) and the correct
form of (18) yields an expression for FIU’s k which is
identical with (2.24). Their other relations are contained
in (2.23).
III. INTERPRETATION, COSMIC STRINGS
AND NEWTONIAN LIMIT
In order to get some feeling of the physics of the solu-
tions we first look for the familiar limits of the Minkowski
space-time and the gauge string. The Minkowski met-
ric should be obtained in the absence of source, namely:
M = W = X = 0. In this case we may either solve
the field equations again or take the appropriate lim-
its in (2.18)-(2.20). Either way one finds immediately
A = B = C = 0.
The gauge string is a somewhat less trivial example. It
is characterized by pz = −ρ while pr = p⊥ = 0. Thus we
still have A = C = 0. However, W is now arbitrary (and
yet the condition (2.21) is satisfied), so by taking the limit
M → 0, X → 0 in (2.19) we find that B = 4GW ln rr0 .
Therefore a gauge string is described in our coordinate
system by:
ds2 = dt2 − dz2 − (
r0
r
)−4GW (dr2 + r2dφ2) (3.1)
This line element can be brought into a locally flat form
by the transformation rˆr0 =
1
1+2GW (
r
r0
)1+2GW which is a
special case of (2.22). This transformation gives:
ds2 = dt2 − dz2 − drˆ2 − (1 + 2GW )2rˆ2dφ2 (3.2)
which is the standard metric for a conical space-time with
an angular deficit of
δφ = −4πGW. (3.3)
Using (2.11) for the gauge string one gets Vilenkin’s re-
sult (1.5), with:
m˜ = 2π
∫ rb
0
r′dr′e
A+2B+C
2 ρ. (3.4)
This is also consistent with calculating the Kasner pa-
rameters a, b, c and γ by (2.23) and (2.24).
Actually, it follows from this analysis that a conical
space-time is generated in more general circumstances
than by a gauge string. The source may also have non-
vanishing pr and p⊥ provided their sum vanishes. In
this case we are dealing with a cosmic string which is
characterized by two parameters, m˜ and say,
p˜r = 2π
∫ rb
0
r′dr′e
A+2B+C
2 pr. (3.5)
The angular deficit is still given by (3.3), but using here
(2.11) for this special case we obtain a generalization of
Vilenkin’s result, namely:
δφ = 8πG(m˜− p˜r). (3.6)
If we give up any restriction on pr and p⊥, but keep
pz = −ρ, we have X =M , but not necessarily vanishing.
This makes (2.21) reduce to
4
(1 + 2GW )M + GM2 = 0. (3.7)
One of the two solutions of (3.7) is M = 0 that by (2.13)
and (2.15) again gives a conical space outside the source,
with the deficit angle given by eq. (3.6). If we choose the
other possibility, viz. X =M 6= 0, W = − 12 (M +
1
G
), the
line element will still be symmetric under boosts in the
z-direction:
ds2 = (1 + 4GM ln
r
r0
)(dt2 − dz2)−
−(1 + 4GM ln
r
r0
)−1/2(
r0
r
)2(dr2 + r2dφ2) (3.8)
This spacetime has the peculiar property that asymptotic
azimuthal circles have vanishing circumference. However,
the matter distribution which generates this solution is
perfectly reasonable, so we may interpret this solution as
representing gravitationally collapsed cylindrical matter
distribution which is totally disconnected from the exter-
nal space. Actually, this solution has the same asymp-
totic behavior as the Melvin universe [21]. A special case
of this situation is a Higgs model cosmic string, which
was discussed by Garfinkle [15], who obtained a consis-
tency condition equivalent to (3.7).
Another interesting case is X = 0 which is possible for
non-vanishing M if W = −1/(2G). In that case we get
ds2 = (1 + 2GM ln
r
r0
)2dt2 −
−(
r0
r
)2(dr2 + r2dφ2)− dz2 (3.9)
This is nothing but a trivial dimensional continuation of
the Kawai solution [22] which is actually a flat space-
time with cylindrical topology [23]. This solution may
therefore be interpreted not as an empty spacetime, but
as the exterior solution around a special kind of matter
distribution confined to some cylindrical region in space.
Note that taking the limit M → 0 in (3.8) or (3.9) re-
produces the extreme gauge string solution with maximal
angular deficit of 2π.
Cosmic strings which generate conical space-time
around them have the unique property that they exert no
force on non-relativistic matter. This is obviously equiv-
alent to the space-time being locally flat. However, in the
general case the solution exhibits curvature which in the
weak field approximation manifests itself as a Newtonian
potential V ≃ 12A.
In order to recover the Newtonian potential one would
like to take the limit of small masses and pressures, with
G fixed. However, the limiting procedure must respect
(2.21). Letting here e.g. M and X be small, we get
W ≃ −1/(2G), which is inconsistent with the initial as-
sumption.
A consistent way of defining a Newtonian limit is to
keep masses fixed and let G be small, with the pressures of
order G. For small pressures W → −M,X → −M , with
M having a fixed value (the Newtonian mass), whileM+
X , which by (2.10) and (2.12) only involves the pressures
in the combination pr + p⊥, has to be of order G. From
(2.21) we get in this limit the consistency statement:
M +X
2G
≃ −MX, (3.10)
while (2.18) implies:
V ≃
1
2
A ≃ 2GM ln
r
r0
(3.11)
which is recognized as the standard expression of the
Newtonian potential of a cylindrically symmetric mass
distribution. It is curious that the logarithmic form is
valid in a wider context than we are interested in: It is
enough to take M +X → 0 in order to obtain (3.11).
To check the consistency of this limiting procedure
we consider the requirement of hydrostatic equilibrium
(2.16), or equivalently (2.17). Keeping in (2.17) only
terms of order G, where pressures according to what was
said above are already of order G, we get
dpr
dr
+
pr − p⊥
r
≃ −
2GMρ
r
(3.12)
which is the familiar condition for hydrostatic equilib-
rium in Newtonian gravity.
IV. HIGHER DIMENSIONALITY
In the previous sections an analysis of the static so-
lutions of the Einstein equations in 3+1 dimensions for
a general matter distribution with cylindrical symmetry
was carried out. The analysis was facilitated by the use of
a coordinate system where the metric tensor is isotropic
in the transverse coordinates. It is natural to extend
this analysis to higher dimensionalities, in order to check
which of the results we found still hold.
The metric tensor is still chosen isotropic in the trans-
verse coordinates, so the line element has the following
form:
ds2 = eAdt2 − eBδijdx
idxj − eC(dxD)2,
i, j = 1, · · ·D − 1 (4.1)
with A, B and C functions of the radial coordinate r.
We define:
Υ = e
A+(D−3)B+C
2 (4.2)
The Ricci tensor has the following components:
R00 = −
1
2
eA−B
1
rD−2
Υ−1
d
dr
(rD−2A′Υ), (4.3)
RDD =
1
2
eC−B
1
rD−2
Υ−1
d
dr
(rD−2C′Υ). (4.4)
5
Rij = δ
⊥
ij [
1
2
1
rD−2
Υ−1
d
dr
(rD−2B′Υ) +
1
r
Υ−1Υ′]
+
xixj
r2
[Υ−1Υ′′ +
1
2
1
rD−2
Υ−1
d
dr
(rD−2B′Υ)
−
1
2
(D − 2)(A′ + C′)B′
−
1
4
(D − 2)(D − 3)(B′)2 −
1
2
A′C′]. (4.5)
The energy-momentum tensor for a cylindrical distri-
bution of energy and pressure has the components:
T00 = ρe
A
TDD = pDe
C
Tij = (pr
xixj
r2
+ p⊥δ
⊥
ij)e
B (4.6)
whence is found T = ρ− pr − (D− 2)p⊥− pD. ρ, pD, pr
and p⊥ are functions of the radial coordinate r only.
Einstein equations in D + 1 dimensions imply:
Rµν = −κD+1(Tµν −
1
D − 1
gµνT ) (4.7)
where
κD+1 =
D − 1
D − 2
ΩD−1GD+1 (4.8)
with Ωn = 2π
n+1
2 /Γ(n+12 ) being the area of the unit n-
sphere and GD+1 Newton’s constant in D+1 dimensions.
The 00 and DD components of (4.7) are:
e−BΥ−1
1
rD−2
d
dr
rD−2A′Υ
=
2κD+1
D − 1
((D − 2)ρ+ pr + (D − 2)p⊥ + pD), (4.9)
e−BΥ−1
1
rD−2
d
dr
rD−2C′Υ
= −
2κD+1
D − 1
(ρ+ (D − 2)pD − pr − (D − 2)p⊥), (4.10)
The angular part is obtained from (4.5):
e−B(Υ−1
1
rD−2
d
dr
rD−2B′Υ+
2
r
Υ−1
d
dr
Υ)
= −
2κD+1
D − 1
(ρ− pr + p⊥ − pD), (4.11)
By linear combination of (4.9), (4.10) and (4.11) we ob-
tain:
1
rD−3
d
dr
r2D−5
d
dr
Υ = κD+1r
D−2eBΥ(pr + p⊥) (4.12)
which in combination with the radial part of (4.7) is used
to give as a fourth equation the following:
2(D − 2)
r
Υ′
Υ
+
1
2
D − 2
D − 3
[−
1
2
(A′ + C′)2 + 2(
Υ′
Υ
)2]
+
1
2
A′C′ = 2κD+1e
Bpr. (4.13)
Now define the quantities:
U(r) =
κD+1
2(D − 3)
∫ r
0
(r′)2D−5eBΥ(pr + p⊥)dr
′, (4.14)
V (r) = −
κD+1
2(D − 3)
∫ rb
r
r′eBΥ(pr + p⊥)dr
′. (4.15)
Eq.(4.12) can be formally solved in terms of U(r) and
V (r):
Υ(r) = 1− r2(3−D)U(r) + V (r), (4.16)
where also the boundary condition limr→∞Υ = 1 is used.
Defining furthermore the two quantities
M(r)= ΩD−2
∫ r
0
(r′)D−2eBΥ(ρ+
pD + pr
D − 2
+ p⊥)dr
′,
(4.17)
X(r)= −ΩD−2
∫ r
0
(r′)D−2eBΥ(
ρ− pr
D − 2
+ pD − p⊥)dr
′,
(4.18)
we can solve (4.9) and (4.10) since they imply
A′ =
ΩD−1
ΩD−2
2GD+1M
rD−2Υ
, (4.19)
C′ =
ΩD−1
ΩD−2
2GD+1X
rD−2Υ
. (4.20)
Inserting (4.16), (4.17) and (4.18) into (4.13) one gets:
2(D − 2)(D − 3)U(1 + V )
+[
ΩD−1
ΩD−2
GD+1]
2(−
1
2
D − 2
D − 3
(M +X)2 +MX)
= κD+1r
2D−4eBΥ2pr. (4.21)
As in the D = 3 case, this equation is equivalent to a
generalized Oppenheimer-Volkoff equation. After some
manipulations on the same line as in sec. II one gets the
following differential equation (cf.(2.17)):
Υ
dpr
dr
+
D − 2
r
(1 + r2(3−D)U + V )(pr − p⊥)
= −
ΩD−1
ΩD−2
GD+1r
2−D(Mρ−XpD
−
M +X
D − 3
(pr − (D − 2)p⊥)) (4.22)
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The right-hand side of this equation is obtained from the
right-hand side of (2.17) using the substitution W →
−D−2D−3 (M +X).
An explicit expression for the metric tensor can again
be obtained for r ≥ rb (outside the source), where M , X
and U are constant, and we introduce rh = U
1/2(D−3).
These three quantities obey according to (4.22):
(
ΩD−1
ΩD−2
GD+1
)2
(−
1
2
D − 2
D − 3
(M +X)2 +MX)
+2(D − 2)(D − 3)r
2(D−3)
h = 0. (4.23)
This consistency condition is the higher-dimensional gen-
eralization of (2.21). From (4.16), (4.19) and (4.20) we
get
Υ(r) = 1− (
rh
r
)2(D−3), (4.24)
A(r) =
ΩD−1GD+1M
(D − 3)ΩD−2r
D−3
h
ln
1− ( rhr )
D−3
1 + ( rhr )
D−3
, (4.25)
C(r) =
ΩD−1GD+1X
(D − 3)ΩD−2r
D−3
h
ln
1− ( rhr )
D−3
1 + ( rhr )
D−3
(4.26)
that correspond to (2.18) and (2.20) in the D = 3 case.
The solution describes a black string with the horizon
at rh. The line element is again characterized by the
two parameters M and X . The horizon parameter rh is
determined from the properties of the matter distribution
through (4.14) and must obey the consistency condition
(4.23). Inspection of the latter equation shows that rh is
always real.
From this solution, the spherical solution of Einstein
gravity in D dimensions can be obtained by taking X =
0, in which case the line element becomes, after a trivial
dimensional reduction (cf. (3.9))
ds2 =
(
1− ( rhr )
D−3
1 + ( rhr )
D−3
)2
dt2
−
(
1 + (
rh
r
)D−3
) 4
D−3
δijdx
idxj (4.27)
that is the line element of a black hole in D dimensions.
Schwarzschild coordinates are obtained by the coordinate
transformation
rˆ =
1
r
(rD−3 + rD−3h )
2
D−3 . (4.28)
In terms of rˆ the line element is the Tangherlini solution
[25]
ds2 =
(
1− (
rh
rˆ
)D−3
)
dt2 −
drˆ2
1− ( rhrˆ )
D−3
− rˆ2dΩ2D−1.
(4.29)
In sec. III a thorough discussion of conical space-times
for D = 3 was carried out. A parallel investigation for
D > 3 is trivial: From (4.25) and (4.26) follows that A =
C = 0 requires M = X = 0, and from the consistency
condition (4.23) then follows rh = 0, i.e. there is no
angular deficit.
A consistent Newtonian limit must respect the consis-
tency condition (4.23). Also in this case this is obtained
by letting pressures and the gravitational constant go to
zero at the same rate, with the mass kept fixed. In this
limit (4.22) reduces to:
dpr
dr
+
D − 2
r
(pr − p⊥) ≃ −
GD+1Mρ
rD−2
(4.30)
which is recognized as the condition of hydrostatic equi-
librium. The Newtonian potential is then obtained from
(4.25):
V ≃
1
2
A = −
ΩD−1GD+1M
(D − 3)ΩD−2
(
1
r
)D−3. (4.31)
V. BRANS-DICKE GRAVITY
Brans-Dicke gravity in D dimensions is obtained from
Einstein gravity in D+1 dimensions through the follow-
ing steps:
1. the D-coordinate is eliminated by dimensional re-
duction,
2. the combination
1
GD+1
e
C
2 ,
is identified with a scalar field,
3. a conformal transformation is carried out on the
D-dimensional metric.
This procedure leads to the following action:
S =
∫
dDx
√
| g |
[
φR + ω
∇µφ∇µφ
φ
+
2(D − 2)
D − 3
ΩD−2L
]
.
(5.1)
where the Lagrangian density of D-dimensional matter
L has been added to the action. ω is a free parameter
and φ a scalar field [26].
Because of this connection between the two theories
we expect an analogy between the cylindrically symmet-
ric solutions of Einstein gravity in D+1 dimensions dis-
cussed in the previous sections and spherically symmetric
solutions of Brans-Dicke gravity in D dimensions. Espe-
cially, results on D = 3 Brans-Dicke gravity can be ob-
tained in this way. To use this connection, we take again
the line element in the isotropic form:
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ds2 = eAdt2 − eBδijdx
idxj (5.2)
with A and B functions of the radial coordinate r only.
For D = 3 the matter term is singular. For ordi-
nary Einstein gravity, this difficulty has been discussed
by Cornish and Frankel [27]. They suggest that it should
be circumvented by use of a redefined gravitational cou-
pling constant GR = G3/(D−3) sacrificing the Newtonian
limit. In Brans-Dicke gravity this corresponds to using
a redefined scalar field Φ = (D − 3)φ with the difference
that the Newtonian limit will be kept. In the following
we shall use the general formalism, ignoring this compli-
cation, and return to it when specializing to D = 3.
The formal developments parallel those of secs. II and
IV, with some minor modifications. For this reason we
omit many details, giving only the important results.
The energy-momentum tensor for a spherical matter
distribution has the same structure as those of the pre-
vious sections, which means that it has components:
T00 = ρe
A
Tij = (pr
xixj
r2
+ p⊥δ
⊥
ij)e
B (5.3)
whence T = ρ − pr − (D − 2)p⊥. All quantities are
functions of the radial coordinate r only.
The resulting field equations are, as expected accord-
ing to the procedure sketched above for obtaining Brans-
Dicke gravity, very similar to those obtained for Einstein
gravity in secs. II and IV, with the substitution e
C
2 → φ.
The four independent equations corresponding to (4.9),
(4.10), (4.11) and (4.13) are:
1
2
e−B(φΞ)−1
1
rD−2
d
dr
(rD−2A′φΞ)
=
D − 2
D − 3
ΩD−2
φ
(ρ− T
ω + 1
(D − 2)ω +D − 1
), (5.4)
e−B(φΞ)−1
1
rD−2
d
dr
(rD−2φ′Ξ)
= −
D − 2
D − 3
ΩD−2
(D − 2)ω +D − 1
T
φ
, (5.5)
e−B(φΞ)−1(
1
2
1
rD−2
d
dr
(rD−2B′φΞ) +
1
r
d
dr
(φΞ))
= −
D − 2
D − 3
ΩD−2
φ
(p⊥ + T
ω + 1
(D − 2)ω +D − 1
), (5.6)
and
e−B(
2(D − 2)
r
(φΞ)−1(φΞ)′ +
1
2
((D − 2)(A′ +
2φ′
φ
)B′
+
1
2
(D − 2)(D − 3)(B′)2 +A′
2φ′
φ
− 2ω(
φ′
φ
)2)
= 2
D − 2
D − 3
ΩD−2
φ
pr (5.7)
with
Ξ = e
A+(D−3)B
2 . (5.8)
To proceed from here, one has to distinguish between
the cases D > 3 and D = 3. First we consider D > 3.
To obtain formal solutions of the differential equations
we define the quantities:
M(r) = ΩD−2
∫ r
0
(r′)D−2eBΞ×
(ρ−
T (ω + 1)
(D − 2)ω +D − 1
)dr′, (5.9)
X (r) = −
ΩD−2
(D − 2)ω +D − 1
∫ r
0
(r′)D−2eBΞT dr′,
(5.10)
U(r) =
(D − 2)ΩD−2
2(D − 3)2
∫ r
0
(r′)2D−5eBΞ(pr + p⊥)dr
′, (5.11)
V(r) = −
(D − 2)ΩD−2
2(D − 3)2
∫ rb
r
r′eBΞ(pr + p⊥)dr
′. (5.12)
The solutions are then obtained from:
φΞ(r) = φ0 − r
2(3−D)U(r) + V(r) (5.13)
with φ0 an integration constant, as well as
A′ =
2(D − 2)
D − 3
M
rD−2φΞ
, (5.14)
φ′ =
D − 2
D − 3
X
rD−2Ξ
. (5.15)
Corresponding to (4.21) one gets from (5.7):
2(D − 2)(D − 3)U(φ0 + V)
+(
D − 2
D − 3
)2(−
1
2
D − 2
D − 3
(M + X )2
+MX −
ω
2
X 2) =
(D − 2)ΩD−2
D − 3
r2D−4eBφΞ2pr (5.16)
from which by differentiation a generalized Oppenheimer-
Volkoff equation is obtained:
φΞ
dpr
dr
+
D − 2
r
(φ0 + r
2(3−D)U + V)(pr − p⊥)
= −
D − 2
D − 3
r2−D(Mρ−
M+ (D − 2)X
D − 3
pr
+
D − 2
D − 3
(M+ X )p⊥). (5.17)
For r ≥ rb the solution is given by:
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φΞ = φ0(1 − (
rh
r
)2(D−3)), (5.18)
A =
(D − 2)M
2φ0(D − 3)2r
D−3
h
ln
1− ( rhr )
D−3
1 + ( rhr )
D−3
, (5.19)
e2φ =
(D − 2)X
2φ0(D − 3)2r
D−3
h
ln
1− ( rhr )
D−3
1 + ( rhr )
D−3
(5.20)
where the horizon radius rh = [
U
φ0
]
1
2(D−3) is always real
for ω > −D−1D−2 as a consequence of (5.16).
The gravitational constant is here proportional to
1/φ0, and it is seen from (5.16) that a consistent New-
tonian limit is obtained by taking the pressures to zero
at the same rate as 1/φ0, keeping the mass fixed. The
Newtonian potential is then determined from (5.19):
V ≃
1
2
A = −
(D − 2)M
2φ0(D − 3)2
(
1
r
)D−3. (5.21)
In the Newtonian limit (5.17) reduces to the condition of
hydrostatic equilibrium.
At D = 3 we introduce Φ = (D − 3)φ and obtain in
analogy to (2.9), (2.13), (2.14) and (2.15) in sec. II the
following four equations:
(B′ +
2
r
)(A′ + 2
Φ′
Φ
) +A′
2Φ′
Φ
− 2ω(
Φ′
Φ
)2 =
16πeBpr
Φ
,
(5.22)
rA′Φe
A
2 = 2M, (5.23)
(rB′ + 2)Φe
A
2 − 2Φ(0) = 2W , (5.24)
rΦ′e
A
2 = X , (5.25)
with
M(r) = 2π
∫ r
0
r′dr′e
A+2B
2 (ρ− T
ω + 1
ω + 2
), (5.26)
W(r) = −2π
∫ r
0
r′dr′e
A+2B
2 (p⊥ + T
ω + 1
ω + 2
), (5.27)
and
X (r) = −2π
∫ r
0
r′dr′e
A+2B
2
T
ω + 2
. (5.28)
Inserting (5.23), (5.24) and (5.25) into (5.22) it becomes
(W +
1
2
Φ(0))(M + X ) +MX −
1
2
ωX 2 =
πr2eA+BΦpr (5.29)
that is equivalent to the generalized Oppenheimer-Volkoff
equation:
e
A
2 Φ
dpr
dr
+Φ(0)
pr − p⊥
r
=
−
2
r
(Mρ+ (M +W)pr −Wp⊥) (5.30)
Comparing this result with (5.17), we see that the substi-
tution W → −D−2D−3 (M+X ) gives the correct right-hand
side of (5.17). At r ≥ rb (outside the matter distribution)
eq. (5.29) gives rise to a consistency condition.
The solutions for A, B and Φ are here, as seen from
(5.23), (5.24) and (5.25):
A(r) =
2M
M+ X
ln (1 +
M+ X
Φ0
ln
r
r0
), (5.31)
B(r) =
2W +Φ(0)
M+ X
ln (1 +
M+ X
Φ0
ln
r
r0
)− 2 ln
r
r0
, (5.32)
ln
Φ(r)
Φ(r0)
=
X
M + X
ln (1 +
M+ X
Φ0
ln
r
r0
), (5.33)
where Φ0 is a constant of integration that will play the
role of inverse gravitational constant (up to a constant of
proportionality).
A few special cases are worth considering. If we take
M = X = 0,W can be arbitrary, and we obtain a locally
flat conical space characterized by an angular deficit:
δφ = −2π
2W +Φ(0)− Φ0
Φ0
. (5.34)
For M 6= 0,X = 0 the solution is the Kawai solution
[22,23].
A consistent Newtonian limit is obtained according to
(5.29) by letting pressures get small at the same rate as
1/Φ(0), keeping the mass fixed. Requiring a flat-space
metric in this limit, we see from (5.32) that also 1/Φ0
must get small in the limit such that:
Φ(0)
Φ0
→ 1. (5.35)
Using this observation, we get from (5.33) the Newtonian
gravitational potential V :
V ≃
1
2
A ≃
M
2Φ0
ln
r
r0
. (5.36)
Eq. (5.30) reduces in this limit to the equation of hydro-
static equilibrium.
VI. CONCLUSION
In this work we have studied in detail the relation be-
tween the gravitational field and the matter distribution
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of a cylindrically-symmetric source in Einstein as well as
a spherically-symmetric source in Brans-Dicke gravity.
We have taken a model-independent approach and
obtained relations between the two free parameters in
the general cylindrically-symmetric solution of Einstein
gravity and the integrals of components of the energy-
momentum tensor. The two parameters that character-
ize the source may be taken as the Tolman mass and the
corresponding quantity associated with the axial direc-
tion.
We further report on consistency conditions, relat-
ing the masses and pressures in cylindrically symmet-
ric space-time in Einstein gravity and interpret them
as a manifestation of the hydrostatic equilibrium of the
source. This was achieved through use of a coordinate
system isotropic in the transverse coordinates. In this
coordinate system the line element is symmetric by inter-
change of time and the direction of the axial coordinate.
We generalized the discussion from four dimensions
(D = 3 in our notation) to higher dimensions, and an-
alyzed the case of (D + 1)-dimensional Einstein gravity.
We furthermore found analogous consistency conditions
in spherically symmetric space-time in D-dimensional
Brans-Dicke gravity. The consistency conditions were
studied in the Newtonian limit and it turned out that
the pressures and the gravitational constant (appropri-
ately defined for each of the theories) go to zero at the
same rate with the masses kept fixed. A remarkable de-
tail is the fact that the role of inverse gravitational con-
stant is played by an integration constant.
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